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On the Speed of Propagation of Waves I n a

Deformed Compressible Elastic Material

by

K.N. Sawyers and R.S. Rivlin

Center for the Application of Mathematics

Lehigh University, Bethlehem , Pa.

Abstract

A sinusoidal wave of infinitesimal amplitude is propagated

in an isotropic compressible elastic material subjected to a

static pure homogeneous deformation . Necessary and sufficient

conditions are obtained for the speed of propagation to be real

in the case when the direction of propagation is parallel to a

principal plane of the static deformation.
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1. Introduction

This paper is concerned with the condition s which must be

imposed on the strain-energy function for an isotropic compress-

ible elastic material in order to ensure that,when the material

is subjected to a static pure homogeneous deformation , plane

sinusoidal waves of infinitesimal amplitude propagate in it with

real velocities. The problem has previously been considered by

Hayes and Rivlin [1]. They obtained , in implicit form , necessary

and sufficient conditions for the velocities to be real for arbi-

trary direction of propagation of the wave. These are the in-

equalities given in (2.10) below. Certain necessary conditions

were also obtained in [1,2]. These are the inequalities given

in (3.6) and (3.17) below.

Earlier Ericksen [3] considered the propagation of a second -

order discontinuity in an isotropic incompressible material ,

rather than the substantially equivalent problem of the propaga-

tion of a sinusoidal wave of infinitesimal amplitude . He

obtained,!n explicit form , the necessary and sufficient conditions

that waves propagated in the principal directions have real

velocities.

Sawyers and Rivlin [4] have obtained , again in explicit

form , necessary and sufficient conditions that the velocities of

sinusoidal waves of infinitesimal amplitude be real for all direc-

tions of propagation parallel to a principal plane of the pure

homogeneou s deformation for an incompressible material. More

recently they discussed [5] the implications of these results

with respect to propagation in an arbitrary direction , not necess-

arily parallel to a principal plane.
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In the present paper , the results of Hayes and Rivlin [1]

for compressible materials are used to derive, in explicit form,

necessary and sufficient conditions that the wave velocities be

real for any direction of propagation parallel to a principal

plane of an underlying static pure homogeneous deformation . These

are the relations given by (3.6), (3.15), and (3.17) below.

Recently, Knowles and Sternberg [6] have obtained the neces-

sary and sufficient conditions that the incremental equations of

equilibrium for planar infinitesimal static deformations super-

posed on a plane pure homogeneous deformation be strongly elliptic.

Since the conditions for reality of wave speeds are equivalent to

the conditions that the incremental equations of equilibrium be

strongly elliptic , the conditions obtained by Knowles and Stern-

berg should be equivalent to those which we have obtained , if,

in our results, we take the principal extension ratio in a direc-

tion normal to the plane of propagation to be unity. That this

is indeed the case is shown in ~4.

_ _ _ _ _
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2. Basic equations

We consider an isotropic elastic material to be subjected

to a deformation in which a particle initially in vector position

~ moves to vector position x . Let ~ and x1 be the corn-

ponents of ~ and x respectively in a rectangular cartesian

coordinate system x . The strain-energy function w , per unit

volume of material measured in the undefornied state, is expres-

sible as a function of the three strain invariants i1, i2, i3
defined by

i1 
= trC , i2 

= ~-{(tr C)2 tr , i3 
= det c, (2.1)

where C is the Cauchy strain , defined by*

= JJ C~~~IJ C~~ = x
~~~

x
~~8 

(2.2)

We now consider that the deformation ~ + x is the result-

ant of a pure homogeneous deformation ~ + X and an infinitesi-

mal deformation X + x where

x X + c u . (2.3)

We suppose that the principal extension ratios for the pure

homogeneous deformation are A 2, A 3 and the principal direc-

tions are parallel to the axes of the system x -

We adopt the notation

W
A 

3W/aiA ~ 
WAB = 

~ W/~~
iA

a i
B ~

‘A 
= ‘A fc O , WA = WA l e 0 WAB = WAB I O

(A,B = 1,2 ,3) . (2.4)

* In this paper we use the Einstein sumiuatiçn conyention for
repeated lower case greek or latin subscripts , but not for upper
Ciii latin subscripts.
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Then,

Ii 
= A~ +X~ +A~ , 12 A~X~ + A~ A~ + A~ A~

3 1 2 3

We now suppose that the deformation X + x corresponds to

a plane sinusoidal wave of infinitesimal amplitude propagating

in the material in the direction of the unit vector L . Then,

with the usual complex notation we may write

U = U expiw (S2.~X-t) , (2.6)

where w is the angular frequency of the wave , S is its com-

plex slowness and U is a constant vector , which may be complex .

~It has been shown by Hayes and Rivlin [1] that U must

satisfy the equation

3

~ 
(sAB

_C 26AB)UB = 0 , (2.7)

where 
::1

. 
~ ~~

5AB = ~~~~~~~~~~~~~~ I3W3
)2
~A~.B

+ 6AB{~~ 
A~~~[W1+W2(I1-X~ -A~)]}

+ CABR.A9~B

and (2.8)

CAB = 2{X~ [W11+(I1-X~ )W21] + I3W~~}X~

+ 2{X~ [W12+(I1-A~ )W22] + I3W32}A~
(I1-A~)

+ 2{A~~[W13
+(I

1
-A~~)W2 ] + 1

3
W
33 }13
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p denotes the density of the material in the undeformed state.

The condition for (2.7) to yield a non-trivial solution for

is

ISAB C d AB I ~ 
. (2.9)

This is the secular equation for the wave.

We note that since the matrix ~ = l~ ~~~~~~~ is real and

symmetric , the values of C2 given by (2.9) are necessarily real.

The necessary and sufficient conditions that equation (2.9)

yield three positive solutions for C2 are [1]

tr s > 0 , {(tr ~)2_ tr s2} > 0 , det S > 0 . (2.10)

From (2.8) we have

3 3
tr s = 

~ s~~ 
= ~ CA~ [3W1

+ 2(I1-X~ )W2j + t3W3~ c~~
)P~ , (2.11)

A].

where

c~~ = 2{x~ [W11+ 2(I1-A~)W12+ (I1-X~)
2W22]

+ I3[2A ~W31+ 2A~ (I1-A~ )W32+ 13W33]} . (2.12)

With (2.11) it is seen that the necessary and sufficient con-

ditions that (2.10)~ be satisfied for all R~ are

2
XA [3W l+2 (Il~~

tA )l~
12] + 13W3

+ c AA > 0

(A= 1,2,3) . (2.13)
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3. Propagation in a principal plane

We now suppose that the direction of propagation of a wave

lies in a principal plane, say parallel to the x1x2-plane of

the coordinate system. Then, 2. (2.1,2.2,0) and from (2.8) we

obtain

~1]. 
~~ 2.~ {K

3+A~ L 3 + (c11fA~ )} + A~ L~K3

s
22 

X~t~{K3
+A~L3 

+ (c22/A~ ) }  +

S 33 
)~~2,~JC2 + A 2Z~K , (3.1) H

::; : ::~ 
: :!:~:1:;:L:+: 2” ~~~~

with the notation

KA = W1+ ~~~~ , LA = W2+ A~W3 . (3.2)

With (3.1) the secular equation (2.9) yields

- s33 ,

or 

(C 2-s
11

) ( C 2-s
22) 

- 

~i2 
= 

~ 
(3.4)

The necessary and sufficient conditions that (3.3) yield

only positive values for C
2 for all 2.1,2.2 are the two Baker-

Ericksen conditions

ICi > 0 , 1(2 > 0 . (3.5)

Analogous considerations for  waves propagated in the x 2x 3 or 

~~~~~-- -  - ~~~~~~~~~~~~~~~~~ -~~~~~~~~~--“~~~~~~~~~~~~~ --
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x3x1 planes lead additionally to the remaining Baker-Ericksen

condition K3 > 0 . We accordingly have

> 0 (A = 1,2,3) . (3.6)

The necessary and sufficient conditions that (3.4) yield

only positive values for C2 are

S11~~ 
~22 > 0 and s11s22 - 

~i2 > o . (3.7)

From (3.1), we obtain

s11
+ S 22 

= X~ 2.~ (F1+K3
) + X~ L~ (F2+K 3) ,

~11~22 s~2 = K
3(X~ 2.~F1+X~ 2.~F2) + 2A~A~2.~L~G3 , (3.8)

where

F1 = K3+ X~L3
+ c11/A~ , F~ = K3+ A~L3+ c22 /X~

2 2 2  C 12 2 (3.9)
2G3 

= F1F2+ K3- x1x2(L3+ 
~~~~~~

With (3.8)1, we see that the necessary and sufficient con-

ditjons for to be satisfied for all 2.1,2.2 are

F1÷ K3 > 0 and F2÷ K3 > 0 . (3.10)

With (3.9) and (3.2), these conditions may be rewritten as the

first two of the conditions

X~ [2W 1
+ (2x~+ ~~)W2] + 13W3

+ c~~ > 0

(ABC = 123 , 213 , 231 , 321 , 312 , 132) . (3.11)

The remaining four conditions may be obtained , in a manner

analogous to that employed in obtaining the first two, by

_ _ _  _ _ _ _
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considering waves to be propagated parallel to the x 2x 3 and

x 3x1 planes. The conditions (3 .11) imply the conditions (2.13)

provided that the conditions (3.6) are satisfied .

From (3.8)2, it follows that necessary conditions that the

inequality 
~~~~~ 

be satisfied for all 2.1,2.2 are

F1 > 0 , F2 > 0 . (3.12)

With (3.6) it follows that the conditions (3.12) imply (3.10).

With these conditions we may rewrite (3.8)2 as

2 
— 

2 2 ½  2 2 ½ 2s11s22 - s12 — K3{(X1L1F1 -X 2 2.2F 2 )

+ ~~~~~~~~~~~~~~~~~~~~~~~~ .4- G
3/K 3)} . (3.13)

It follows that,provided the condition s (3.6) and (3.12) are

satisfied , the necessary and sufficient condition for

to be satisfied is

K
3
F~F~ + G

3 
> 0 . (3.14)

With (3.9), the condition (3.14) can be rewritten as the

f i rs t  of the conditions

F~F~ + K C > XAX B~
LC + 

AB~~

(ABC = 123 , 231 , 312) , (3.15)

* The conditions (3.12) have been previously obtained [1,2] as
necessary conditions that waves propagated in an arbitrary
direction, not necessarily parallel to a principal plane , have
real speeds.
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where, from (3.2) and (2.8),

Kc = W1+ x~w2 , L~ = W2+ x~W3

W1+ (I1-X~)W2
# 4 w3 +

(3.16)

CAB = X~4{W11+(2I1-X~ -A~ )W12+ (I1-A~)(I1-4)W22}

+ 1
3
{(X A~)w31+[X~ (I1-X~) + X~ (I1-X~ )]W32÷ 13W33}.

— Also, the conditions (3.12) are the first two of the conditions

- 

FA > 0 (A = 1,2,3) . (3.17)

The second and third of the conditions (3.16) and the third of

the conditions (3.17) may be obtained in an analogous manner

by considering waves to be propagated parallel to the x2x3 
and

x
3
x1 planes respectively.

We conclude that the necessary and sufficient conditions

that waves propagated parallel to a princ ipal plane of the pure

homogeneous deformation shall have real velocities are those in

equations (3.15), (3.6) and (3.17).

I

0 

—-- 0.

~~~

0— -
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4. A particular case: plane strain

In this section , we will consider the particular case when

A = 1 . It will be shown that this yields conditions on the strain -

energy function equivalent to those obtained by other considera-

tions by Knowles and Sternberg [6].

We write

i1= i + 1, j
3= 

j 2 , j
2= 

j + j 2 (4.1) -f
0 Then, writing I = i1~~~0 , J = j

~~
=,0 , we have

I I1
_l = X

]~+ X
2 

= 

~3 
~~ lA 2 12= I + . (4.2)

We write ~~i,j) = w(i1,i2,i3) and introduce the notation

(cf.(2.4))

= 3c
~/ 3 i l 0 = a

~ /ait 6=o ,

2 2 (4.3)
= ~ ~~~ (

~=~ 
, etc.

With A 3 1 , we obtain

= W
1

f 
‘ 

= 2J (W2+W3)

II = 12 22

= 2J(W 12
+W
13

+W
22

+W
23)

= 2(W2
4-W

3
) + 4J2(W 22+2W23÷W33)

Taking 13 = 1 in (3.16) and using the relations (4.4) we

obtain

~1
-- -‘ - -

~

- ‘-- ~~~~~~~~~~~~~~~~~~~ 
0~~~~~ - 0 -~~~~~~~~~. —.-~ ’ - ~~~ 

_
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1K
3

=~~ 1,  ~~~~~~~~~~~~

F1 = + 2X
~~ ii + ZJ~ IJ + 4 ~~~~~ ,

(4.5)
F2 = + 2x

~~ ri 
+ + 4 X~~ JJ ,

C12 — I~~ ÷ l(~
~

2
~

2 
— 2c Iii + 7 IJ ~ ~ JJ - T

1 2

With (4.4) and (4.5), the relations (3.6), (3.12) and (3.15)

yield the strong ellipticity conditions of Knowles and Stern -

berg [6]

B > 0 , E11 > 0 , E22 > 0 ,
(4.6)

E~ 1E~2
+ E 12 > 0 ,

where

B = 2~~ , E11 = 4’11F1 , ~~~~ 441F2
(4.7)

E12 = 2~ 1 (F1+F2) + 2 (A
~

-A
~
)2t~ ir~ j j- ~~

i.

Acknowledgement. The results presented in this paper were

obtained in the course of research sponsored by the Office

of Naval Research under Contract No. N00014-76-C-0235 with

Lehigh University .

- -‘ - - .

~

- . . - - --—--- - - -~~~~~-~~~~~~~~~~~~ - - ----‘---——- ..



~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~—~~~~~~~~~ -~~~~~~ ~~~~~~~~~~~~~~~~~~ 0~’~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —-~~~--~~ - -  0~~_~

- 13 -

References

[1] M. Hayes and R.S. Rivlin , Arch. Rational Mech. Anal.,

8, 15 (1961).

[2] R.S. Rivlin , Foundations of Continuum Thermodynamics,

ed. N. Nina and J. Whitelaw ; McMillan , London , 229

(1975).

[3] J.L. Ericksen , J. Rational Mech. Anal., 2, 329 (1953).

[4] K.N. Sawyers and R.S. Rivlin , Int . J. Solids Structures ,

9, 607 (1973).

[5] K.N. Sawyers and R.S. Rivlin , Z. Angew. Math. u. Phys .

(in the press)

[6] J.K. Knowles and E. Sternberg , Arch. Rational Mech. Anal.,

63 , 321 (1977).

~ 

-



PART 1 - GOVERNMENT
NAVY

Administrative and Liaison Activities Naval F~esearch LaboratoryWashlnçton , DC 20375
Office of Naval Research Attr : Code 8400
Department of the Navy 8410
Arl ington , VA 22217 8430

Attn : Code 474 (2) 8440
471 6300
200 6390

6380
Director
Office of Naval Research Branch Office Undersea Explosion Research Division
495 Suniner Street Naval 5.hip Research and Development
Boston, MA 02210 Center

Norfol k Naval Shipyard
Director Portsmcuth , VA 23709
Office of Nave l Research Branch Office Attr : Dr. E. Palmer , Code 177
536 South Clark Street
Chicago , IL 60605 David k. Taylor Naval Ship Research

and Development Center
Director Annapol is, MD 21402
Office of Naval Research Attr.: Code 2740
New York Area Office 28
715 Broadway - 5th Floor 281
New York, NY 10003

U.S. Na ’ial Weapons Center
Director China Lake , CA 93555
Office of Naval Research Branch Office Attr : Code 4062
1030 East Green Street 4520
Pasadena , CA 91106

Cormiancing Officer
Director U.S. Naval Civil Engineering Laboratory
Office of Nava l Research Code UI
San Franc i sco Area Office Port Hu~neme , CA 93041
One Hallidie Plaza , Suite 601
San Franc isco, CA 94102 Naval Sjrface Weapons Center

White Cak
Naval Research Laboratory (6) Silver Spring, MD 20910
Code 2627 Attn : Code WR-10
Washington , DC 20375 WA-20

Defense Documentation Center (12) Technic-i l Director
Cameron Station Naval C;ean Systems Center
Alexandria , VA 22314 San Diejo, CA 92152

Supervl .or of Shipbuilding
U.S. Na ’y
Newport News, VA 23607



_____________________

Navy (Continued )

U.S. Navy Underwater Sound Reference Division
Naval Research Laboratory
P.O. Box 8337
Orlando , FL 32806

Chief of Naval Operations Comanding Officer and DirectorDepartment of the Navy David W . Taylor Naval Ship ResearchWashington , DC 20350 and )evelopinent CenterAttn : Code OP-098
0 Bethesda, MD 20034 I

Attn : Code 042Strategi c Systems Project Office 17Department of the Navy
Washing ton, DC 20376 172

Attn: NSP—200 173
174

Naval A ir Systems Comand 1800
Department of the Navy 1102.1
Washington , DC 20361 1900

Attn : Code 5302 (Aerospace and Structures) 1901
604 (Technical Library ) 1945
320B (Structures) 1960

1962
Naval A ir Deve l opment Center
Director , Aerospace Mechan ics
War,nlnster , PA 18974

U.S. Nava l Academy Na ial Underwater Systems Center
Eng ineering Department Newport, RI 02840
Anna pol i s, MD 21402 Attn : Dr. R. Trainor

Naval Fac ilities Engineer ing Comand Naval Surface Weapons Center
200 Stovall Street Dailgren Laboratory
Ale xandria , VA 22332 Dailgren , VA 22448

Attn : Code 03 (Research and Development) Attn : Code DG—20
04B DG-30
045

14114 (Technical Library) Technical Director
Mare Island Naval Shipyard

Naval Sea Systems Cormiand Vailejo , CA 94592
Department of the Navy
Washington , DC 20362

Attn : Code 03 (Research and Technology)
037 (Ship Silencing Division
035 (Mechanics and Materials)

Naval Ship Engineering Center
Department of the Navy
Washington , DC 20362

Attn : Code 6105G
6114
61200
6128
6129

_
_ _ 0 _

~

i_ _ , _ _ __ —-— —- 
~~~~~~~~~~~~~~~~~ . ~~~~~~~~~~~~~



~~~~~~~_~~~~~~~~~~ 0~~~~~~~~ . ~ ‘.—~~~~~~~~ .-- —-, —---~~--— ~~~~—— —- -- ‘

A ir Force

Comanding Officer (2) Coninander WADD
U.S. Army Research Office Wright-Pa~;terson Air Force Base
P.O. Box 12211 Dayton, OH 45433
Research Triangle Park, NC 27709 Attn: Code WWRMDD

Attn : Mr. J. J. Murray, CRD-AA-IP AFFDL (FDDS)
Structures Division

Watervl let Arsenal AFLC (MCEEA )
MAGGS Research Center
Watervl iet, NY 12189 ChIef , Applied Mechanics Group

Attn: Director of Research U.S. Air Force Institute of Technology
Wright-Patterson Air Force Base

U.S. Army Materials and Mechanics Dayton, OF, 45433
Research Center

Watertown, MA 02172 ChIef, Civil Engi neering Branch
Attn: Dr. R . Shea , DRXMR-T WLRC , Research Division

A ir Force Weapons Laboratory
U.S. Army Missile Research and Kirtland ~.ir Force Base

Development Center A1bu querq~e, NM 87117
Redstone Scientific Information

Center Air Force Office of Scientific Research
Chief , Document Sec tion Boi li ng A i r Force Base
Redstone Arsenal , AL 35809 Washlngtor., DC 20332

Attn : Mechanics Division
Army Research and Development

Center Department of the Air Force
Fort Bel voir , VA 22060 Air University Library

Maxwel l A i r Force Base
Montgomery , AL 36112

NASA

National Aeronautics and Space Administr ation
Structures ResE~ rch Division
Langley Research Center
Langley Station
Hampton , VA 23365

National Aeronaut ics and Space Administration
Associate Administrato r for Advanced

Research and Technology
Washington , DC 02546

Scientific and Technical Information Facility
NASA Representative (S-AK/DL )
P.O. Box 5700
Bethesda , MD 20014 

. , , ,
~~~~~~~~~~~~_  - -



Otner Government Activities

Conm~andantChief , Testing and Development Division
U.S. Coast Guard
1300 E Street, NW
Washington , DC 20226

Technical Director
Marine Corps Development and Education Comand

— 
Quantico , VA 22134

Director Chief, Research and Development
National Bureau of Standards Maritime Acminlstratlon
Washington , DC 20034 Washington , DC 20235

Attn : Mr. B. L. Wilson , EM 219
Deputy Chicf, Office of Ship Construction

Dr. M. Gaus Maritime Acministration
National Science Foundation Washington , DC 20235
Environmental Research Division Attn : ~ir. U. L. RussoWashington , DC 20550

Library of Contress
Science and Technology Division
WasP~ington , DC 20540 Picatlnny I,rsenal

Plastics Technical Evaluation Center
~~rector Attn: Tecbilcal Information Section
Defense Nuclear Agency Dover, NJ 07801
Washington , DC 20305

Attn : SPSS

Di rector Defense Research and Engineering
Techr.ical Library
Room 3C128 National A .adecny of Sciences
The Pentagon National R search Council
Washington , DC 20301 ShIp Hull ~.esearch Coninittee2101 Const~tution AvenueMr. Jerome Persh Washington . DC 20418
Staff Specialist for Materials Attn : p.r. A. R. Lytle

and Structures
300R&E , The Pentagon National Science Foundation
~ocr~ 331089 Engineerinc . Mechanics Section
Washington , DC 20301 DIv ision of Engineering

Washi ngton, DC 20550
C~1ef , Airframe and Equipment Branch
FS-120
Office of Flight Standards
Federa l Avaiatio n Aaency
Washi ngton , DC 20553

- - ~~- 0~~~~~ ~~~~~~~ . . ~~~~ 0 -



PART 2 - CONTRACTORS AND OTHER TECHNICAL COLLABORATCRS

Professor E. J. Skudrzyk
Universities Pennsyl vania State University

Appl ied Research Laboratory
Dr. J. Tinsley Oden Department of Physics
Univers i ty of Texas at Austin State College , PA 16801
345 Engineering Science Buildin g
Austin , IX 78712 Professc r J. Kempner

PolytecPnlc Institute of New York
Professor Julius Mlklowitz Department of Aerospace Engineering and
California Institute of Technology Appl ied Mechanics
Division of Engineering 333 Jay Street

and Appl ied Sciences Brooklyr , NY 11 201
Pasadena , CA 91109

Professor 3. Klosner
Dr. Harold Llebowitz , Dean PolytecHic Institute of New York
School of Engineerin g and Applied Science Departme it of Aerospace Engineering and
George Washington University Appl ied Mechanics
Washington , DC 20052 333 Jay Street

Brooklyn , NY 11 201
Professor Eli Sternberg
California Institute of Technology Professo~ R. A. SchaperyDivision of Engineerin g and Texas A&l University

Applied Sciences Departmeit of Civil Engineering
Pasadena , CA 91109 College station , TX 77843

Professor Paul H. Naghd i Professo - Wa l ter 0. Pilkey
University of California Universi:y of Virginia
Department of Mechanical Engineering Research Laboratories for the
Berkeley , CA 94720 Eng in~eri ng Sciences 0

School o~ Engineering andProfessor p . S. Symonds App 1 i~d SciencesBrown University Char1ott~sv i l1e , VA 22901
Division of Engineerin g
Providence , RI 02912 Professo-~ K. D. WillmertClarkson College of Technology
Professor A. 3. Durelli Departmer~t of Mechanical Eng ineering
Oakland University Potsdarn , NY 13676 —

School of Engineering
Rochester , MI 48063 Dr. H. G Schaeffer

Universi ;y of Maryland
Professor F . L. DiMaggio Aerospace Engineering Department
Columbia University College F-ark , MD 20742
Department of Civil Engineering
New York , NY 1 0027 Dr. Walt€ -~’ E. HaislerTexas A&~ UniversityProfessor Norman Jones Aerospace Engineering Department
Massachusetts Institute of Technology College E~ation , TX 77843
Department of Ocean Engineering
Cambridge , MA 02139 Dr. 8. S. Berger

tinivers lt, of Maryland
Departmer : of Mechanical Engineering
College Pirk , MC 20742

~~~- - _ & -



- —.— --—---..—.— -—-.- ,— ---- 0-- -—- - . -———— .-- ---—— -—- - --—- --- --- V

Universities (Continued )

Dr. L. A. Schmlt Professor Al bert I. King
University of California Wayne State University
School of Engineering and Biomechanics Research Center

Applied Science Detroit , MI 48202
Los Angeles, CA 90024

Dr. V. R. Hodgson
Dr. Hussein A. Kamel Wayne ~,tate University
University of Arizona School of Medicine
Department of Aerospace and Detroit , MI 48202

Mechanical Engineering
Tucson , AZ 85721 Dean B. A. Boley

Northw€stern University
Dr. S. 3. Fenves Departn-ent of Civil Engineering
Carnegie-Mellon University Evanstcn , IL 60201
Department of Civil Engineering
Schenley Park Professor P. G. Hodge, Jr.
Pittsburgh , PA 15213 UnIvers ity of Minnesota

Departirent of Aerospace Engineering
Dr. Ronald L. Huston and Mechanics
Department of Engineering Analysis Minneapolis , MN 55455
Universit y of Cincinnati
Cincinnati , OH 45221 Dr. D. - . Druc ker

Univers ity of Illinois
Professor G. C. M . Sih Dean of Enginee ring
Lehigh University Urbana , IL 61801
Institute of Fracture and

Solid Mechanics Profess~r N. M. Ne~nark
Bethlehem , PA 1801 5 University of Illino is

Departn’~nt of Civil Engineering
Professor Albe rt S. Kobayashi Urbana , IL 61803
University of Washington
Department of Mechanical Engineering Profess.r E. Reissner
Seattle , WA 98105 Univers~ty of Cali fornia , San Diego

Departm~nt of Applied Mechanics
Professor Daniel Frederick La Joll.~i , CA 92037
Virginia Polytechnic Institute and

State University Profess.w William A. Nash
Department of Engineering Mechanics Univers i ty of Massachusetts
Blacksbur g , VA 24061 Departnl2nt of Mechanics and

Aero :pace Enginee ring
Prc fessor A. C. Eringen Amherst , MA 01002
Department of Aerospace and

Mechanical Sciences Profess:r G. Herrmann
Princeton University Stanford University
Princeton , NJ 08540 Departm nt of Appl ied Mechanics

Stanfor~, CA 94305
Professor E. H. Lee
Stanforr~ University Profess r J. 0. Achenbach
iv l sion of Engineerin g Mechanics Northwe tern University

Stanford , CA 94305 Departm nt of Civil Engineering
Evanstor., IL 60201 

~~~~~~~~~~~~~~~~~~~~~~~~ . — .-~~~~~ 
_ -

~~~~~~~ 
.~~~~~~~~~~~~~~~~~~ 



— —--—-- -~~~~~~--~~~~~~~ —--. - - -- -
~~~~~~

~~~~~~ (Continued )

~rof..ssor 3. R. Irwin Professc r Kent R. Wilson
University of Maryland University of California, San Diego
Department of Mechanical Engineering Department of Chemistry
Colle ge Park, MD 20742 La Jo11~ , CA 92093

Professor S. B. Dong Professc r B. K. Donaldson
Unive rsity of Californ ia Unlvers ty of Maryland
Department of Mechanics Aerospace Engineering Department
Los Angeles , CA 90024 College Park, MD 20742

Professor Burt Paul Professc r Joseph A. Cl ark
University of Pennsyl vania Catholic: University of America
Towne School of Civil and Departm :nt of Mechanical Engineering

Mechanical Engineering Washington , DC 20064
Philadelphia , PA 19104

Professr T. C. Huang
°rofessor H . W. Liu Univers ty of Wisconsin—Madison
Syracuse University Departmint of Engineering Mechanics
Department of Chemical Engineering Madison , WI 53706

ano Metallurgy
Syracuse , NY 1 3210 Dr. Samt.el B. Batdorf

Univers ty of California
Professor S. Bodner School i.f Engineering and
TecPnior R&D Foundation Appl .ed Science
~4aifa , Israel Los AngLies , CA 90024

Professor Werner Goldsmith
Unive rsity of ~~liforn iaepar~ment of ~?chanical Engineering
Berkel ey, CA 94720

2
~o~essor P . S. ~ivl in IndustrC and Research Institutes

~~~~~ Uni”ersi~ v
Cen ter for tn.~ •~~pi~ cation U:S. Na’ al Postgraduate School

Li brary
~ IaLI e~~ L1Ls

Ect~ie hern PA i~O15 Code 03~4Montere~ , CA 93940
Professor F. A. Cozzarelli
State University of New York at Buffalo Webb Institute of Naval Architecture
.ivisi on of interdisciplinary Studies Attn : tibrar ian

~a~- Parker En~ ineering Building Crescent Beach Road , Glen Cove
C~~ri~try Road Long Is and , NY 11542

~uffa io , NY 14214

rc.fessor Josep~i ~~ . Rose
~~ xel University
~e~artment of Mechanical Engineering

and Mechani cs
P~ iia~el phia , P~ 19104

V 
- - - ~~~~~~~~ --—- 

~~~~~~~-V0~~-- - -



---—- - —----~~~- — . -

Industry and Research Institutes

Argonne National Laboratory Dr. I. L. Geers
Library Services Department Lockheed Missiles and Space Company
9700 South Cass Avenue 3251 Hanover Street
Argonne, IL 60440 Palo Al to, CA 94304

Dr. M C. Junger Dr. J. L. Tocher
Cambridge Acoustical Associates Boeing Computer Services
1033 Massachusetts Avenue P.O. Bo,~ 24346
Cambridge , MA 02138 Seattle, WA 98124

Dr. L. H. Chen Mr. Wil lIam Caywood
General Dynamics Corporation Appl ied Physics Laboratory
Electric Boat Division Code BBC
Groton , CT 06340 8621 Georgia Avenue

Silver Spring, MD 20034
Dr. J. E. Greenspon -

3. G. Engineering Research Associates Dr. Robert E. Nic kell
3831 Menlo Drive Pacifica Technology
Baltimore , MD 21215 P.O. Box 148

Del Mar , CA 92014
Dr. K. C. Park
Lockheed Missile and Space Company Dr . M. . Kanninen
3251 Hanover Street Battellt~ Col umbus Laboratories
Palo Al to, CA 94304 505 Kin~ Avenue H

Columbu s, OH 43201
Newport News Shipbuilding and

Dry Dock Company Dr. G. Hahn
Libra ry Battell ” Columbus Laboratories
Newport News , VA 23607 505 KIn’ Avenue

Colum bu: , OH 43201
Dr. W. F . Bozich
McDonnell Douglas Corporation Dr. A. i~~. Hochrein
5301 Balsa Avenue Daedale~n Associates , Inc .
Huntington Beach , CA 92647 SpringlGke Research Center

15110 F~ederick Road
Dr. H. N. Abramsan Woodbinc~, MD 21797 0

Southwest Research Institute
8500 Culebra Road Dr. E. 3. Tolle
San Antonio , TX 78284 IMASS , ~nc.

Box 134
Dr. R. C. DeHart Accord , (Hingham) MA 02018
Southwest Research Institute
8500 Culebra Road Dr. T. .-lcDonough
San An tonio , TX 78284 Aeronau~ical Research Associates

of P~lnceton , Inc .
Dr. M. L. Baron 50 Wash -ngton Road
Weidl i nger Associates Princetun , NJ 08540
110 East 59th Street
New Yor k , NY 1 0022 Mr. Riciard V . Dow

Nationa l Academy of Sciences
2101 Coistitutlon Avenue
Washing on , DC 20418

-— --0- —~ -~ —— --—--- — - — -~~~~~~~ - - -  - - 0 0 . -V . - -  ~~0~~~~~~ V~ ~~~~~~~~ _~~~~~ _ V  _ V - - - -



,- —V.,
~—— . -—. ~~~~~~~~~ 

- ~~~0~~ 0—-—- ~~
.- ~~~~~~~~~~~~~~~~~~~~ 

________

Unc 2. ass i tied
Sp, uritv (‘I~~tufit .i)i,,,,

DOCUMENT CONTROL DATA . R & D
Sees,ri ty t ins .1 lu-alien of title , body of •ib~ Unc I h u L l  indr ssII~~ as,nr,I,,fl in no,,.) In a,, tori-il whrn II,, ,, retaIl r,p.,rf i s  tins Al II,’,!)

I O NIG I NA H N G  A C T I V $ T Y ( C o r p u t h I t e h...lhor) 20. N I PO H 1  SL C Uf ~ I 1 Y  C L A ~.S I I  I C A 1 I O p ~

Center for the Application of Mathematics Unclassified
Lehigh University 2h . 0001) 0

3 REPORT T I T L E

On the Speed of Propagation o~ Waves in a DeformedCompressible Elastic Material

4. D E S C R I P T I V E  NOTES (Type of report and.lnc luaive dates)

Unclassified Technical Report July 1977
S. AU THOR (S)  (First name , middle initial, last name)

K.N. Sawyers and R.S. Rivlin

6. REP O R T  D A T E  in. T O T A L  NO OF P A G E S  7b. NO. OF R E F S

July 1977 13 6
Ca. C O N T R A C T  OR G R A N T  NO. — 

58. O R I G I N A T O R S R E P O RT  NLL MBE N (S )

N 00014—76—C —0235
CAM— lOO—28

6. PROJECT NO. .-‘.‘
_

C. Sb. OTHER REPORT NO(S) (Any other numberS that may be e.ai~n.dth is report )

d.

ID . DI S T R I B U T ION S T A T E M E N T

Distribution of this document is unlimited

I I .  SUPP L E M E N T A R Y  N O T E S  
— 

1 2 .  S P O N S O R I N G  M I L I T A R Y  A C T I V I T Y

Off ice of Naval Research
Arlington , Va.

13 . A B S T R A C T

\~A sinusoidal wave- of infinitesimal amplitude is
propagated in an isotropic compressible elastic material sub-
jected to a static pure homogeneous deformation . Necessary and
sufficient conditions are obtained fc.r the speed of propagation
to be real in the case when the direction of propagation is

parallel to a principal plane of the static deformation .

D D FORM 4 1 (PAGE 1)
1 NOV 15 ’ I Unclassified

S/N 0 10$ ~807~~68t I Securit y Class if i cat i on 
~-3I4O~A - 

_ _ _



v-V.. , — _A_’__ -’—c V -_— ~~~~~~~~~~~~ 
--- -V — - - - -V, . - - . ,~~—

-,..- 
~~~~~~~ V.- 

-- 
~~~~~~~~~~~~~~~ - - -  ~~~ - —

Unclassitieci
Security CINRMiIiL sti o n

14 L INK A LINK S LINK CK E Y  W O R D S  ______  ______  ______  ______  ______- _____

R O L E  W I  R O L E  W I  B O L t  PT

Finite elasticity
material stability
real wave speeds

I

DD ~ ..1473 ( BACK ) Unclassified
S / I l  O I O I . IO ,~~;s~~i Security C$as*IfIc.tlo n 5 - 3 1 4 0 9

-— - - —  - . V. . 
~~~~~~~~~~~~~~~~~~~~ ~~ - - 


